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SIMPLE ALGORITHMS FOR CALCULATION OF SCALE FACTORS

FOR PLANE COORDINATE SYSTEMS

(1927 NAD AND 1983 NAD)

by

Dr. Herbert W. Stoughton, P.E., L.S.

INTRODUCTION

In March 1972, Berry presented a paper by the above
title at the Annual Meeting of ACSM. The paper discussed
algorithms for the state plane coordinate systems for
1927 NAD. Various plane coordinate systems (state coordi-
nate systems, city systems, Corps of Engineers project
systems, the Great Lakes system, special engineering pro-
jects, etc.) have been designed for the purpose of simplify-
ing survey calculations from the spheroidal earth to a
plane with an orthogonal grid. The controlling design
criteria in many instances has been to restrict the maximum
difference between the geodetic length and the grid length
to one part in ten thousand throughout the area included
within the system. This was done on the assumption that if
the reduction of measured distances to geodetic lengths to
grid lengths was omitted, the surveys would meet Third-Order
accuracy (one part in five thousand). This assumption was
valid when all the distances were measured by taping, which
was normally performed to 0.01 or 0.02 feet per one hundred
feet, and thus the scale factor could be ignored.

At the time these systems were designed, this assumption

was probably valid, but supplementary tables were required to
obtain the scale factors for higher order surveys. This
meant that a scale factor was extracted from a table as a
function of latitude (for Lambert systems) or the perpendic-
ular distance from the central meridian (transverse Mercator
systems). With the advent of the hand-held computer/calcu-
lator and digital computers, then it is not practical or
efficient to store this data in the computer. Furthermore,
the values listed in these tables are calculated to seien
decimal places, which is insufficient precision for
electronic distance measurements. Also, for longer lines
it is recounended that the scale factor for a line should
be:
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Where:
k = the scale factor at one end of the line (point i).

1

k = the scale factor at the other end of the line (point 2).
2

km = the scale factor at the midpoint of the line.

PART I

PAND-HELD CALCULATORS VERSION

The formulas to calculate the scale factors require the
geodetic position (latitude and longitude) for each point.
If the surveyor is employing plane coordinates, this requires
a transformation of the plane coordinates to geodetic posi-
tions before calculating the scale factors. The formulas
employed to calculate scale factors appear in Part II of
this paper, and will be employed to derive the algorithms
for use on digital computers.

DERIVATION OF THE ALGORITHM

Figure I is a section depicting the relationship between
a spherical earth and the projection plane. This section is
taken perpendicular to the principal axis of the coordinate
system, which for various projections is:

Lambert: The parallel of latitude approximately
midway between the standard parallels
(designated 'p ), where the scale factor

0

attains its minimum value. Then, Figure 1
is a meridional section.

Transverse Mercator: The central meridian of the
zone is a "normal" section, i.e. it is
taken perpendicular to the central meridian
at the "approximate center" of the north-
south range of the zone [see the Appendix],
and designated , . (This does not trace

out a parallel of latitude.)

Hotine Skew Orthomorphic (Oblique Mercator): An
approximate geodesic line, which passes
through a specified point, and has a
specified azimuth (non-cardinal at that
point). Figure I is a section perpendicular
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Spherical Earth - Minimum Scale Factor
Model - --- Q~i

Projection Surface'- 3 P

/
/

to this line, preferably through the
specified point ("center point"), designated

0

In all three cases the spherical radius in this section
is designated PC' and is calculated by:

a 1. - 12

0

(1.- e ,i
2 9
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Where:
a = the length of the semi-major axis of the reference

ellipsoid (in meters).
e2 = the square of the eccentricity of the reference

ellipsoid.

Table 1 contains the numerical values of a and e2 for
1927 NAD and 1983 NAD.

Table 1

Ellipsoid a (rmeters) e2

1927 NAD 6,378,206.400 0.006768657997

1983 NAD 6,378,137.000 0.006694380025

The scale factor of the projection along the principal
axis is designated k At any point P located at a distance0

s, perpendicular to the projection's principal axis, the
scale factor is k. Disregarding conformality and assuming
spherical shape of the earth, the distance from 0 (the center
of the earth) to point Q (the point on the projected principal
axis where it is intersected by the depicted section) is
equal to the radius, o multiplied by the central meridian

0scale factor, k .At point P, the distance from the center

of the earth, 0, is p k. Then, employing the Pythagorean

relationship to the right triangle QPO yields:

(p k) 2 = (p k )2 + s2
0 0 0

And:

[(p 0  s] 1/2k= k) 2 + s2(2)

Recall the binomial series:

(x + y)n = x n + nx n- Y + n(n - n-2 y2

2

+ n(n - )(n - 2) n-3 3
6

Let:
x = (p k)2

0 0
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Then, solving for R, equation (2) can be written:

16
Thn ovn for ), + ain (2): )-can be ritten: )

C=() ) - r S

G 00

L 80

16 +

Rearranging :

k =kk + 2 2 so2s
o 2 p2. 16p P 2

0 0 3 0

Finally :

2 3

L-___ 2 o '2 __ '__ 2~
. -k)12~k! - -o 2k 2':

(3)

Let:
- = 10 -15 2

2p 2 k 2

0 0

Where, K is a constant for each system.

Then, equation (3) is:

k = k [i. + Kp2 (I. K r2(I. KF 2 ... (4)0 2

In practice, the fourth term is insignificant and can be
disregarded. The third term is required only when the scale
factor, k, is required at the extremc, width of the system
(greater than seventy miles from the principal axis).

It remains to develop formulae for the computation of
E, thus r (the distance from the principal axis) for any
point P defined by its plane coorainates (x - east; 11 - north).
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Transverse Mercator Systems.

= (x - x 0)2 .10- (5)

W.h ere :

X = the x,-coodincre of the sys -'r)'s central -cridian (listed0 in Table 2).

Lambert Conic Svster.,s.

= [ - (.,- . ) + (: - :) 0 -  (6)

.here:
"2. = the constant for each system [listed in Table 2].

D = the constant fcr each system [listed in Table 2].

Hotine Skew Ortho-.orphic (Oblique Mlercator) Systems.

= [(x - X )cos Y - (:! - :/o)sin y ]2 *iO- (7)

I.-h e r e :
X = x-translation co:istant for eachi system [listed in Table
Y: 3 .

= -translation constant for each system [listed in Table3].

y = azimuth of the principal axis at the center point
[listed in Table 3].

The data in Table 2 refers to the North American Datum
of 1927. A similar set of numerical values of K must be
calculated for 1983 NAD. At this time (1981) it is inappro-
priate to prepare similar tables, as it is unknown whether
the states will retain the current systems and defining par-
ameters. For the transverse Mercator systems these parameters
(other than the ellipsoid and datum) the central meridian,
A , and the scale factor along the central meridian, k , and
0 0

the x-coordinate of the central meridian, x , need to be

defined. Historicaliy, ¢ was arbitrarily selected at the
0

midgeodetic latitude of the zone, rounded to the nearest five
minutes of arc [xce:Krpt for Alask. and Delaware]. If the
na. ic design of the existing tran:;verse Nercator system is
identical to the pr!.;c-nt e,:i~n, ¢ li.sted in Table 2 is

aecept0l) e for caicul at in'.-, K. Then, for 1983 NAD the
C'Ultion to calculite z is:
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In meters:

12.3736955 (1. - 0.006694380025 sin 2 )2
:-:= - (8-a)

k2

0

1. !'-955053 (1. - O.0056943D025 sin2 ' )?
:- = 0
..... (3-b)

2 nu- 2 ica! valucs of 7 in Table 2 are f=r coordin2:-:

The arocedure to calculate P for La_-e:-t systezs is
C. bu: i.rer. One of th'e zcne con-taits is ..

. ca:in-cacn) is:

1 = sin 4

0

ec,, ,;czions (8-a) and (8-b) are:

K = 12.3736955 (1. - 0.006694380025 12)2 (8-c)

k2

In feet:

K 1.14955853 (1. - 0.006694380025 12)2= "" (8-d)

k 2

0

ACCURACY OF ALGORITHM

The cues ion to be answered is: "Ho. good is the
a2 71. ?" cc:.parison was made between the scale factors
published in the "projection tables" and computed by the
algorithm. Table 4 is a comparison of the scale factors
calIc:-1ated by equation (4) and published in the projection
ti.ces. California, Zone 1, was selected for the ccn.oarison.
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Table 4

Comparison Of Scale Factors - Lambert System

(California, Zone 1)

k k differ. ratio

(frt) (algorithm) (published) (*10-
7) (1./diff.) (miles)

0 0.9,959.46 0.9999946 0 - 0.0

6L6 0.9993946 0.9998946 0 - 0.1

31, 04 0.9?X-957 0.995L957 0 - 5.9

6 .;,%1 0. 9 ;? 0.9939Q9 0 - 11.6

91,713 0.9399042 0.9999042 1 1:10,000,000 17.4

122,075 0.9999117 0.9999116 1 1:10,000,000 22.1

] 2,.-:3 0.0o 2o12 0.9999211 1 1:10 .00n 28.9

1S2.7 Z. 0.S9928 0.9z99327 1 1:10,00 .0 3..6

213,144 0.9999466 0.9999464 2 1:5,000,000 40.4

243,500 0.9999624 0.9999622 2 1:5,000,000 46.1

271,S57 0.9993804 0.9999801 3 1:3,333,000 51.9

C-,213 1.0-> 0304 1.0000000 4 1:2,500,000 57.6

334,570 1.0000226 1.0000220 6 1:1,667,000 63.4

364,927 .0000469 1.0000461 8 1:1,250,000 69.1

395,284 1.0000732 1.0000723 9 1:1,111,000 74.9

425,642 1.0001017 1.0001005 12 1:833,000 80.6

456,000 1.0001323 1.0001308 15 1:667,000 86.4

486,359 1.0001650 1.0001632 18 1:555,000 92.1

516,718 1.0001998 1.0001977 21 1:476,000 97.9

547,078 1.0002367 1.0002341 26 1:384,000 103.6

The version of equation (4) employed was:

k = k [i. + Kf 2 (l. - 0.5KF2)] (4-a)0

Where:

k = 0.9993946353
0

K = 1.143216

x= 0.



-15-

y = y' (from projection tables)

At the extreme limits of the values in the projection tables
(over one hundred -iles from the principal axis) the ratio
of the differ-nce in the two scale factors exceeded one part
in 380,000. At the geographical limits of the zone, the
ratio of the difference in the scale factors is one part in
600,000. Incorporation of adcitional (higher order) terms in
equation (4) did not alter the values listed in Table 4.

New Nexico, East Zone, was selected, and equation (4-a)
was employed. For the range of values listed in the projection
tables tht scale factcf was calculiared, and the results listed
in Table 5. There is no difference between the numerical
values of the scale factors. The observed difference in the
seventh decimal place can be attributed to numerical roundoff,
and not to any systematic factors..

Table 5

Comparison Of Scale Factors - Transverse Mercator System

(New ' ie:ico, East Zone)

P k k differ.

(feet) (algorithm) (published) (*10- ) (miles)

0 0.9999091 0.9999091 0 0.0
25,000 0.9999098 0.9999098 0 4.7
50,000 0.9999120 0.9999121 1 9.5
75,000 0.9999155 0.9999156 1 14.2
100,000 0.9999205 0.9999205 0 18.9
125,000 0.9999270 0.9999270 0 23.7
150,000 0.9999348 0.9999348 0 2S.4
175,000 0.9999441 0.9999441 0 33.1
200,000 0.9999549 0.9999549 0 37.9
225,000 0.9999670 0.9999671 1 42.6
250,000 0.9999306 0.9999806 0 47.3
275,000 0.9999957 0.9999956 1 52.1
300,000 1.0000121 1.0000121 0 56.8
325,000 1.0000300 1.0000300 0 61.6
350,000 1.0000493 1.0000493 0 66.3
375,000 1.0000701 1.0000701 0 71.0
400,000 1.COOc22 1.0G00922 0 75.8
425,000 1.0.!:rT 1.003115S 0 80.5
450,000 1.00uolA03 1.10040) 1 85.2
475,000 1.0001673 1.0001674 1 90.0
500,000 1.0001952 1.0001953 1 94.7
525,00 0 1.0002246 1.0,022-6 0 99.4
530,GO 1.0'c3 1.C :. 0 10D.I
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APPLICATION To UTMI

in the previous discussicn, the algorithm t.cas applied
to systems with relatively narrow noruh-'outh extent.
Excluding Alaska, the maximum change in latitude is about
three -derees of arc. Ti UIM systems e-xtend over the range

,# 6T1[0 N) to 809S. Therefore, a single numerical \alue of X
may iCt be appropriate. Table 6 lists the numerical values
of X for every 2.5 degrees of latitude for the existing
sySLemS for metric coordinates (Clarke 1966 ellipsoid and
k 0.9996000000).

0

Table 6

Values Of K ror Intervals Of 2.5 Doerees Of Latitude

(Clarke 1866 El!ipsoid"

[metric cooTdinatezs
K1 € X0 x

0.0 12.33&2570 32.5 12,3359054 65.0 12.2469335
2.5 12.383930 35.0 1212291634 67.5 12.2415725
5.0 12.222635 37.5 12.3:22056 79.0 12.2366611
7.5 12.38!&009 4c, 12 31319851 72.5 12.2322363
10.0 12.3792023 42.5 12.30'/8562 75.0 12.2283317
12.5 12.3764045 45.0 12.3305740 77.5 12.2249766
15.0 12.3730291 47.5 12.2932940 80.0 12.2221963
17.5 12.3691021 50.0 12.2860716 82.5 12.2200119
20.0 12.3646535 52.5 12.2789615 85.0 12.2184397
22.5 12.3597174 55.0 12.2720179 87.5 12.2174916
25.0 12.3543318 57.5 12.2652934 90.0 12.2171748
27.5 12.3485379 60.0 12.2588389
30.0 12.3423801 62.5 12.2527035

The value of I: changes with latitude in a nonlinear
manner, but is relatively insensitive to small changes (a
few tens of minutes of arc) in latitude.

Let:

1 = (9)q2a(. - e2)V2

And :

A d 0 Yh (in radians) (19)
k

0
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I€here:

= F L 175 6

256 J

X X (I. - easin 2 e)2  (12)
Q

a the semimajor a×ls C; th.z c\r 1ipsoid (in rirtc,rs).
e the squate of the eccentricity of the ellipsoid.
k the scalc factor al:.n- the (cr:tral meridi-i: of the
o projecticon Sysr em

For h,_. Clarke 1?E6 ellipsold (1927 PAD), equation (12)
[for metric cccrdinates] (k = C 9)966CCCOC) is:

0" - 0.023938,5 _Y
k C

'"V. secc, d Of C,-.a.

- ?. 1J4257 (1. - C.006768657997 sin 2 e)2

(12-a)

For tne 1983 Z'AD ellipsoid, equation (12) [for metric
coordinates] (k = 0.9990000000) is:

0

6" = 0.03239363 1

k
a

S12.383fj00 (1. - 0.000§94380025 sin.2 O) 2

(12-b)

If the project does not extend more than about two
degrees in latitude, select a mean y-coordinate for the pro-
ject to calculate C. There wil! be v.7 7,7-c. in .

Furrhermore, to re'..f.-i a u cn,,sion i:. one 12. tn. rinth
decc -al plnce of the c 2.(:-, .3 s-a iactcr, the lc-,t term
given in equ:,tion (4) [-r X :!) I.x; bc incorporated for dis-
tances greater thani 250 kifr:-. cntral rEridian.
For shorte r : !, -. ; fr - tr, . _ - id ian, ecu:tt in
(t,-a) is s':ff:2,-er->.



-18-

PART 2
DIGITAL COMPUTER VERSION

The previous material discussed an algorithm for com-
puter/calculator with limited data storage capability. With
.programmable computers, an algorithm can be developed to
employ the plane coordinates and the published equations that
require the geodetic positions. These algorithms will con-
vert the given coordinates to requisite geodetic values for
computing the scale factors.

TRANSVERSE MERCATOR SYSTEMS

The formula to calculate scale factors from a given set
of plane coordinates, x and y, requires the footpoint geodetic
latitude, * * The footpoint latitude at the point is calcu-

lated from the y-coordinate. To calculate 0 requires the

meridional arc length from the equator. Except for UTM
systems, the origin of the y-coordinates (y = 0) is a
parallel of latitude between the equator and the "working"
area of the system. This requires a constant, y., for each

zone. To obtain tne numerical value of y (for the precision

required), let:

A =. +3 e2 + 45 4 + 175 6
0 4 64 256

A = 3 2 _1 4 + 55 6

1 4 16 512

A = 15 e 4+-105 e6
2 128 512

A - 5 6

3 1536

Tlien (in meters):

= a(l. - c 2 ) [A , + A sin 2 + A sin 47
+ 1 2

+ Asn6 ) (13)
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Where:
a = the semimajor axis of the ellipsoid (in meters).
e' = the square of the eccentricity of the ellipsoid.

= the geodetic latitude of the origin of the coordinate
system. Note: the subscript r designates the angle in
radians.

The value of y is a constant for a zone. The next step

is to calculate the footpoint latitude. This is performed in
two steps.

" = (Y + U()

k

Where: y and y are in meters, and V is a constant for an

ellipsoid (listed in Table 7). 0" is the approximate value
of the latitude in seconds of arc. Then, the footpoint
geodetic latitude, , is:

1

= + $ sin 20 (15)

Table 7

Ellipsoid p

Clarke 1866 (1927 NAD) 0.03239388 525'3

1983 NAD 0.03239363 519"5

The units of the term "$ sin 26" in equation (15) is seconds
of arc.

Then, let:

t = ta .,,

e 2

- ___cosZ¢
1 1. _ 2 1

a

.- 2

Cl
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Then, the scale factor is:

A [.' k + (!  + 2+ (1 + r 2 ( 6 +

+2 1 12

9rj + 4r,4 - 24;2r,2(l. + )2)))]j (16)
2 1 1 l ijJ

±>e precision of equation (16) is sufficient
for the UT, systems as wv.ell as the state plane coordinate

L.,, : ',T S T-',"'S

The procedure for calculating the scale factor utilizes
a c: -arent set of forIlas, but c7-.1)oys an a:nn-aogou6 pro-
cc--.a. "or - Lam-aberL system, the follo:ng cc.stants are

provided: 'b' xo, I (sin 0 0), and Z. Note: the Z just

menLioned is not the constant, K, that was employed earlier
to c:!culate the scale factors in Part 1 of this paner.

Then:

6 arctan (I 0

p 2 arctan

(.s in1 6

1. + - 5 + c :: i .:
9. 2 7 f 3 5 1.7

°fhe --nits of the second term in this equation is .ccfo,':s. of
c.'., 'hen, the scale factor is:

cG 1 -i t , - (17) 1

1- , to , t . . than v., s.ccn of arc. T',
o. : v) uix -, to 24.. ~ ::1 -
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APPENDIX

CALCULATICIN OF , FoR THE STATE PLANE

CCUNT ES - TRANSVERSE ARCTRSYTN

by
Dr. Herbert W. Stough'-7-on, P.E., L.S.

in the "Table Cf Constantz-S' pote age 7or Dange 10

00
vaFLu-e ofc e for al theas t-ranves uator isv :1sedrsi the

United States. This Apoendix contains a derivation tocalculate based upon the numerical values listed in the
aforementionred "Table O-f Cons tants".

The symbol p 0is the "rn an radi7.us" of the ellipsoid
for geodetic latitude 0

p 0 1,(A-1)

Where:

a~. 2) (-2)
R. - ~ .(

a - 3/2

a
(1. 2Sn, ~1/2(A-3)

2J, C K 5 cf h l s
e 2 the sq u--r of tii L2

U.!c o:: of tWh -.2 sipsid.

Stubst4 cur:;--C~iA :.(- ~'' A3) n t C ec tio n(A
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The formula to calculate "log [62] " [based upon U.S.C.&G.S.

0
Special Publication Nos. 193 and 195] is:

I (1. - e sin2 )2 1200
6Lo = k 2 a2(. - e2) 23937

(A-4)

the scale factor alcng tha cc~t-al .eridian of the system.

The constant 20. is added to obtain a positive characteristic.

For the Clarke i 66 ellipsoi (1927 NAD):

a = 6,378,206.400 meters

el = 0.0067686580

Then, ecuation (A-4) is:

log= log 3.8320610 1 sino I- + 20.
k2 0

00
(A-4a)

Let:

0

,:,.1tIOn (A-'a) can b.2 - -

= log 3.83206"10 - 1 + 2 lo: (1. - c sin, )

-2 lo7, 7+ 20. C.-5)

n ' .. -a-, =

) ,- . 5 -. : ~

o 2L

+2 Iijo; ,- "0 2

+I
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Ezation (A-6) contains the known quantities [P and k D
0

en the riv;ht side of the equation, and the unkno.n quantity,
. i cn the left side of the e-,:"ation.

c - " 2 lo ; 20

Then, equation (A-6) c-n be \ -t:

I 
°I G

0 2

B 2 i 2 1.T -rn -n

arosi .. - 1' A-8

0 C 2
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